We give good reduction criteria for hyperbolic polycurves, i.e., successive extensions of families of curves, under mild assumption. These criteria are higher dimensional version of the good reduction criterion for hyperbolic curves given by Oda and Tamagawa.
Introduction
Let X be a proper smooth variety over a discrete valuation field K of residual characteristic p ≥ 0. X is said to have good reduction if there exists a proper smooth scheme X over the valuation ring O K of K whose generic fiber is isomorphic to X. (Such a scheme X is called a smooth model of X). It is an important problem in arithmetic geometry to know criteria for X to have good reduction.
Various criteria for good reduction in terms of Galois representations have been established for certain class of varieties. Néron, Ogg, and Shafarevich established a criterion in the case of elliptic curves, and Serre and Tate generalized it to the case of abelian varieties [ST] . Their criterion claims that an abelian variety has good reduction if and only if the action of the inertia subgroup of K on its first l-adic etale cohomology is trivial for some prime l = p.
As a non-abelian version of the above result, Oda showed that a proper hyperbolic curve has good reduction if and only if the outer action of the inertia subgroup of K on its pro-l fundamental group is trivial [Oda1] [Oda2] .
To state Oda's result precisely, we fix some notations. For a profinite group G and p as above (resp. a prime number l), we denote the pro-p ′ (resp. prol) completion of G, which is defined to be the limit of the projective system of quotient groups of G with finite order prime to p (resp. with finite l-power order) by G p ′ (resp. G l ). Here, if p = 0, we regard that every finite group has order prime to 0.
Let K sep be the separable closure of K, G K := Gal(K sep /K) the absolute Galois group of K, and I K its inertia subgroup. (Note that I K , as a subgroup of G K , depends on the choice of a prime ideal in the integral closure of O K in K sep over the maximal ideal of O K , but it is independent of this choice up to conjugation.) Let X be a proper hyperbolic curve (a geometrically connected proper smooth curve with genus ≥ 2) over K. Then the pro-l completion π 1 (X ⊗ K sep ,t) l of the geometric etale fundamental group π 1 (X ⊗ K sep ,t)(with base pointt) admits a continuous homomorphism ρ : G K → Out(π 1 (X ⊗K sep ,t) l ) := Aut(π 1 (X ⊗K sep ,t) l )/Inn(π 1 (X ⊗K sep ,t) l ), which we call the outer Galois representation. Oda proved that X has good reduction if and only if the restricton of ρ to I K is trivial. For a non-proper hyperbolic curve, Tamagawa showed the same criterion for good reduction of a smooth compactification of X [Tama1] [cf. Definition 2.2]. Oda and Tamagawa's criterion can be regarded as a result in anabelian geometry. Indeed, a hyperbolic curve is a typical example of anabelian variety, i.e., a variety which is determined by its outer Galois representation G K → Out π 1 (X ⊗ K sep ,t) (under suitable assumption on K), by the solution of Grothendieck conjecture due to Tamagawa [Tama1] and Mochizuki [Moch] . Therefore it would be natural to expect that we can read off the information on the reduction of X from its outer Galois representation.
The class of hyperbolic polycurves, that is, varieties X which admit a strucure of successive smooth fibrations (called a sequence of parameterizing morphisms [cf. Definition 3.1])
whose fibers are hyperbolic curves, are considered to be anabelian. Indeed, the Grothendieck conjecture holds for hyperbolic polycurves of dimension up to 4 on suitable assumption on K [Moch] [Ho1] . Moreover, when X is a strongly hyperbolic Artin neighbourhood ( [SS] Definition 6.1) and K is finitely generated over Q, the Grothendieck conjecture holds in any dimension [SS] . Thus it is expected that there exists a good reduction criterion for hyperbolic polycurves which is analogous to the one by Oda and Tamagawa. In [Nag] , we studied good reduction criterion of proper hyperbolic polycurves under some assumptions. In this paper, we improve the main theorem of [Nag] and discuss also non-proper cases. The main results of this paper are as follows: Theorem 1.1. Let K be a discrete valuation field with valuation ring O K with residual characteristic p ≥ 0. Let I K be an inertia subgroup of the absolute Galois group G K of K. Let X be a proper hyperbolic polycurve over K and g X the maximum genus of X [cf. Definition 3.1]. Consider the following conditions.
(A) X has good reduction.
(B) The outer Galois representation
Then, we have the following.
(A) implies (B).

If we assume that p = 0, (B) implies (A).
3. If we assume that p > 2g X + 1 and that the dimension of X is 2, (B) implies (A) .
4. If we assume that X has a K-rational point x, that the Galois representation I K(x) → Aut(π 1 (X × Spec K Spec K sep ,x) p ′ ) induced by x is trivial, and that p > 2g X + 1, then (A) holds. Theorem 1.2. Let K, O K , and I K be as in Theorem 1.1. Let X be a hyperbolic polycurve over K with a sequence of parametrizing morphisms S : X = X n → X n−1 → . . . → X 1 → X 0 = Spec K.
We write the maximal first Betti number of S as b S [cf. Definition 3.1]. Consider the following conditions.
(A) There exists a hyperbolic polycurve X → Spec O K with a sequence of parametrizing morphisms
whose generic fiber is isomorphic to S.
1. If we assume that p = 0 or p > b S + 1, (A) implies (B).
2. If we assume that p = 0, (B) implies (A) .
3. If we assume that p > b S + 1 and that the dimension of X is 2, (B) implies (A) .
Also, we can show a higher dimensional version of the good reduction criterion described by the outer Galois representation in general if we assume a very strong condition on b S and p. Theorem 1.3. Let K, O K , I K , X, S, b S , and n be as in Theorem 1.2. Assume that n ≥ 3. Define a function f bS (m) for m ≥ 3 in the following way;
• For m ≥ 3,
Consider the conditions (A) and (B) in Theorem 1.
Remark 1.4. The main result of [Nag] is described as follows: Let K, O K , and I K as in Theorem 1.1. Let X be a proper hyperbolic polycurve over K which has a sequence of parametrizing morphisms such that each step X i → X i−1 has a section. Write the minimum of maximal genera of such sequences of parametrizing morphisms X as g X [cf. Definition 3.1]. Consider the condition (A) in Theorem 1.1 and (B)' For any closed point x of X, and for any choice of valuation ring O K(x) of the residual field K(x) of x over O K(x) , the action of inertia subgroup
This result is weaker than Theorem 1.1 because we need to assume that each X i → X i−1 has a section and that the condition (B)' is stronger than the condition (B) in Theorem 1.1 or the condition given in Theorem 1.1.4.
To prove the implication (B) or (B)' ⇒ (A) by induction on dimension of X, we need the homotopy exact sequence of geometric fundamental groups for smooth fibrations X i → X i−1 (2 ≤ i ≤ n). In the previous paper [Nag] , we constructed homotopy exact sequences of Tannakian fundamental groups of certain categories of smooth Q l -sheaves, and to do so, we needed the existence of sections of the above fibrations. Also we needed the assumption (B)' stronger than (B) because we used a criterion for smoothness of Q l -sheaves which is due to Drinfeld [Dri] .
In this paper, we use different arguments from those of [Nag] to obtain stronger results. Since the implication (A) ⇒ (B) follows from the standard argument of specialization, we explain key ingredients of the proof of the implication (B) ⇒ (A) (assuming the condition on p, g X , and b S in the assertions), which enables us to improve the result of [Nag] .
Comparison of inertia groups and centralizers
If p = 0, we will translate the outer Galois action of the inertia group into the action of the centralizer subgroup Z Π (∆) of geometric etale fundamental group ∆ in etale fundamental group Π by using the decomposition Π ∼ = ∆ × Z Π (∆). This decomposition can be obtained from homotopy exact sequences of geometric etale fundamental groups (which exists since p = 0), which shows that ∆ is center-free, and the hypothesis on the outer Galois action. Using this technique, we can prove the implication (B) ⇒ (A).
Intermediate quotient group
Note that we do not have appropriate homotopy exact sequences associated to fibrations
In fact, the functor of taking pro-p ′ completion (of profinite groups) is not an exact functor. Moreover, if the characteristic of K is positive, we do not have fibration exact sequence of (full) etale fundamental groups. In this paper, we consider an intermediate quotient group of geometric etale fundamental groups (which we will write as ∆ (l,p ′ ) ) between pro-p ′ completion and pro-l completion, for which we can obtain the homotopy exact sequence. If the dimension of X is 2, we can show the implication (B) ⇒ (A) by using the center-freeness of ∆ (l,p ′ ) and the same argument as 1. Also, if X admits a closed point x, we can compare the action of inertia group I K(x) at x and that of the inertia group which we consider in the induction step, and so we can prove Theorem 1.1.4.
Further intermediate quotient group
If the dimension of X is equal to or greater than 3, we do not know if the group ∆ (l,p ′ ) in 2. is center-free. However, if p is big enough, we can take a certain quotient ∆ which is center-free and for which there exists the homotopy exact sequence. Thus we can prove the implication (B) ⇒ (A) in higher dimensional case if p is big enough.
The content of each section is as follows: In Section 2, we give a review on outer Galois representation associated to homotopy exact sequences of etale fundamental groups of hyperbolic curves. In Section 3, we give a precise definition of a hyperbolic polycurve and a first step of the proof of Theorem 1.1 and Theorem 1.2. In Section 4, we give a proof of Theorem 1.1 and Theorem 1.2 in the case of residual characteristic 0. In Section 5, we give a proof of Theorem 1.1 and Theorem 1.2 in the case of residual characteristic p > 0. In Section 6, we give a proof of Theorem 1.3. In Section 7, we review the property of extension of family of hyperbolic curves proved in [Mor] and prove a non-proper version of it, which is used in Section 3. In Section 8, we give three interesting examples of hyperbolic polycurves which shows that the anabelianity of hyperbolic polycurves is weaker than that of hyperbolic curves in some sense.
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Good reduction criterion for hyperbolic curves
In this section, we recall the good reduction criterion for proper hyperbolic curves proven by Oda and Tamagawa. Also, we recall the property of centerfreeness of profinite groups which we use in this paper.
Definition 2.1.
1. Let S be a scheme and let X be a scheme over S. We shall say that X is a proper hyperbolic curve over S if the structure morphism X → S is smooth, proper, geometrically connected, and of relative dimension one over S, each of whose geometric fiber is of genus ≥ 2.
2. Let S be a scheme and let X be a scheme over S. Let D be a divisor of X finite etale over S. We shall say that the pair (X, D) is a hyperbolic curve over S if the structure morphism X → S is smooth, proper, geometrically connected, and of relative dimension one over S, each of whose geometric fiber is of genus g and the morphism D → S is finite etale of degree n, which satisfies the inequality 2g + n − 2 > 0. If n = 0 (resp. n > 0), we call the number 2g (resp. 2g + n − 1) the first Betti number of the curve. We can consider a proper hyperbolic curve X as a hyperbolic curve (X, ∅).
Let S be the spectrum of a discrete valuation ring O K . We denote the generic point of S by η and the closed point of S by σ. Let K = κ(η) be the fractional field of O K , k = κ(σ) the residue field of O K , and p the characteristic of k.
Definition 2.2.
1. Let X → Spec K be a proper smooth morphism of schemes. We say that X has good reduction if there exists a proper smooth S-scheme X whose generic fiber X η is isomorphic to X over K. We refer to X as a smooth model of X.
2. Let (X, D) → Spec K be a hyperbolic curve. We say that (X, D) has good reduction if there exists a hyperbolic curve (X, D) → S whose generic fiber (X η , D η ) is isomorphic to (X, D) over K. We refer to (X, D) as a smooth model of (X, D).
Remark 2.3. If a smooth model of a hyperbolic curve exists, it is unique up to canonical isomorphism by [DM] and [Knu] .
Let (X, D) → Spec K be a hyperbolic curve. We write the schemeX \ D as X. Take a geometric point t of X × Spec K K sep . Then we have the following exact sequence of profinite groups
This exact sequence yields an outer Galois action
Then, we have natural homomorphisms
for any prime number l = p.
Oda and Tamagawa gave the following criterion.
The following are equivalent.
1. (X, D) has good reduction.
The outer action
3. There exists a prime number l = p such that the outer action
Suppose that the scheme X is a proper hyperbolic curve over Spec K and has a section s : Spec K → X. Take a geometric point s over s. Since we have a natural morphism from s to X × Spec K K sep , we have the exact sequence (4) with t replaced by s. The section s gives a section of the homomophism π 1 (X, s) → G K in the homotopy exact sequence (4). This induces a homomorphism
. For a prime number l = p, we obtain the homomorphisms
Proposition 2.5. The following are equivalent.
1. X has good reduction. (7) is trivial. (7) is trivial.
The action of
I K on π 1 (X × Spec K K sep , s) p ′ defined by
Proof. For the proof of the implication 1 ⇒ 2, see Remark 2.6. The implication 2 ⇒ 3 is trivial.
Assume that the action
is trivial. Therefore, X has good reduction by Proposition 2.4.
Remark 2.6. In the above propositions, the implication 1 ⇒ 2 is true under the existence of a proper smooth geometrically connected schemeX over Spec O K and a relative normal crossing divisor D on it such that the generic fiber ofX\D is isomorphic to X over Spec K. We will show this assertion in the first part of the proof of Theorem 1.1.1 and Theorem 1.2.1.
Finally, we recall the property of center-freeness of profinite groups which we use in this paper.
Proposition 2.7.
1. Let (X, D) be a hyperbolic curve over a separably closed field of characteristic p ≥ 0, put X :=X \ D and let l = p be a prime. If we write the etale fundamental group of X as ∆, the groups ∆
2. In an exact sequence of profinite groups
Proof. The assertion 1 is due to [Tama1] Proposition 1.11. We prove the assertion 2. An element x in the center of G is sent into the center of G ′′ , which is trivial. Hence x belongs to the center of G ′ , which is also trivial. Thus x is the identity and so G is center-free.
First reduction
In this section, we will give a precise definition of a hyperbolic polycurve and the first step of the proof of Theorem 1.1 and Theorem 1.2.
Definition 3.1. Let S be a scheme and X a scheme over S.
1. We shall say that X is a hyperbolic polycurve (of relative dimension n) over S if there exists a positive integer n and a (not necessarily unique) factorization of the structure morphism
such that, for each i ∈ {1, . . . , n}, there exists a hyperbolic curve (X i , D i ) → X i−1 (cf. Definition 2.1) and that the schemeX i \ D i is isomorphic to X i over X i−1 . We refer to the above factorization of X → S as a sequence of parametrizing morphisms.
2. For a hyperbolic polycurve X → S, the following are equivalent.
(a) The morphism X → S is proper.
(b) For any sequence of parametrizing morphisms of
(c) There exists a sequence of parametrizing morphisms of
We call such X → S a proper hyperbolic polycurve.
3. Let X be a hyperbolic polycurve (resp. proper hyperbolic polycurve) of relative dimension n over S. For a sequence of parametrizing morphisms of X → S
we call the maximum of the first Betti numbers (resp. genera) of fibers of X i → X i−1 the maximal first Betti number b S (resp. genus g S ) of S. We call the minimum of the first Betti numbers (resp. genera) of sequences of parametrizing morphisms of X the maximum first Betti number b X (genus g X ) of X.
Let us start the proof of Theorem 1.1 and Therorem 1.2.
Proof of Theorem 1.1.1 and Therorem 1.2.1. [cf. Remark 2.6] Assume that (A) holds and that p = 0 or p > b S + 1 in the case of Therorem 1.2.1. Then, there exists a proper smooth geometrically connected schemeX over Spec O K and a relative normal crossing divisor D on it such that the generic fiber of X :=X\D is isomorphic to X over Spec K: In the case of Theorem 1.1.1, this is trivial (putX := X, D = ∅). In the case of Theorem 1.1.2, we can prove it by using [Sai] 
where g i is the genus ofX i → X i−1 and r i is the degree of
Consider the etale fundamental groups of the schemes in the above diagram with the geometric points from the scheme Spec K sep (denoted byη). Then, we have the following commutative diagram of profinite groups
It holds that the first row is an exact sequence by [SGA1] IX Theorem 6.1, and using the same argument as the proof of [SGA1] IX Theorem 6.1, we can show that the second row is also an exact sequence. This diagram induces the commutative diagram of exact sequences of profinite groups
Here, the profinite group
, and the profinite
The left vertical arrow is an isomorphism by [SGA1] XIII 2.10 (the isomorphism π 2 there): Here we use the fact that X is of the formX \ D as in the beginning of the proof. Then, since the action of the inertia group
′ is also trivial. Hence we finished the proof of Theorem 1.1.1 and Theorem 1.2.1.
To prove the rest of the assertions in Theorem 1.1 and Theorem 1.2, we recall a proposition on monodromy representations associated to certain smooth fibrations.
Proposition 3.2. Let T be a regular integral separated scheme. Let Y be a geometrically connected scheme over T given as the complement of a relative normal crossing divisor in a proper smooth scheme over T . Suppose that T is a scheme over Spec Z (p) for a prime number p. Let η = Spec K(T ) be the generic point of T andη = Spec K(T ) sep its separable closure. Consider a geometric point s over Y × Tη . We have the following commutative exact sequences
(The exactness of the lower horizontal line follows from [Ho1] Proposition 1.10(i).) Then, the conjugate action of
. Thus, we also obtain a natural outer action
Proof. We need to show that the action
First, we show that we can reduce to the case where the scheme T is the spectrum of a strictly henselian discrete valuation ring. Since the scheme Y is regular, the kernel of the morphism π 1 (Y × T η, s) → π 1 (Y, s) is generated by inertia subgroups at points of codimension 1 in Y \ (Y × T η). Let us consider such a point y, and write the image of y in T as t. Then, t is codimension 1 in
sep of the discrete valuation ring O T,t and write the scheme Spec Frac(O sh T,t ) as η sh . Then the Galois group
sh , s) and corresponds to the inertia subgroup associated to the strict
Thus, to prove this proposition, it suffices to show that the homomorphism
. Therefore we can reduce the proof of the proposition to the case where T is the spectrum of the strictly henselian discrete valuation ring.
When T is the spectrum of a strictly henselian discrete valuation ring, we obtain the following commutative diagram with an exact horizontal line
XIII 2.10, the assertions follow.
We start the proof of the rest of the assertions in Theorem 1.1 and Theorem 1.2.
When we are in the situation of Theorem 1.1, fix a sequence of parameterizing morphisms
of X → SpecK whose maximal genus is g X and write 2g X as b. When we are in the situation of Theorem 1.2, we write b S as b.
Take a geometric point * over the scheme X × Spec K K sep . We write the etale fundamental group π 1 (X i × Spec K K sep , * ) by ∆ i and π 1 (X i , * ) by Π i . By [SGA1] IX Theorem 6.1, we have the following homotopy exact sequences of profinite groups 1
Let us assume that (B) or the conditions in Theorem 1.1.4 holds. Under the hypotheses given in Theorem 1.1 and Theorem 1.2, we will show that (A) holds by induction on n. For n = 1, it is proved in Proposition 2.5. Hence, we assume that n ≥ 2.
First, we prove that (A) holds for X n−1 . Since the morphism X n−1 → SpecK has a structure of hyperbolic polycurve associated with the above sequence of parameterizing morphism, we can apply the main theorem by induction hypothesis if we show that the outer Galois representation
is trivial. The homomorphism ∆ n → ∆ n−1 is surjective since the morphism X n → X n−1 is geometrically connected. Then, we can show that the outer Galois representation (10) is trivial by using the following commutative diagram of profinite groups
where the horizontal sequences are exact. When we are in the situation of Theorem 1.1, we may assume that there exists a smooth model X n−1 → Spec O K of X n−1 . When we are in the situation of Theorem 1.2, we may assume that there exists a hyperbolic polycurve
whose generic fiber is isomorphic to the sequence of parametrizing morphism
Now we consider the diagram
where K(X n−1 ) is the function field of X n−1 , ξ is the generic point of the special fiber X n−1 \ X n−1 , f ′ n is the base change of f n and O Xn−1,ξ is the local ring of X n−1 at ξ. It is sufficient to show that there exists a hyperbolic curve (X n , D n ) over X n such that, if we put X n =X n \ D n , the scheme X n × Xn−1 X n−1 is isomorphic to X n . Thanks to Proposition 7.1 (cf. [Mor] ), it comes down to show that there exists a hyperbolic curve (X, D) over Spec O Xn−1,ξ such that the base change of the scheme X =X \ D by Spec K(X n−1 ) → Spec O Xn−1,ξ is isomorphic to X n × Xn−1 Spec K(X n−1 ) over Spec K(X n−1 ). Fix an inertia subgroup I ξ ⊂ G K(Xn−1) at ξ and a geometric pointt of X n × Xn−1 Spec K(X n−1 ) above Spec K(X n−1 ). To complete the proof, it is sufficient to show that the outer representation of I ξ on π 1 (X n × Xn−1t ,t) l is trivial for some prime number l = p by Proposition 2.4.
The outer action
is the composition of the natural morphisms
and the outer representation
We write the image of the inertia subgroup I ξ in (13) to π 1 (X n−1 ,t) as I, which coincides with an inertia subgroup of π 1 (X n−1 ,t) at ξ. Therefore we have Ker(Π n−1 → π 1 (X n−1 ,t)) = (the topologically normally generated subgroup by I).
We write the etale fundamental group π 1 (X n × Xn−1t ,t) as ∆ n,n−1 . By Proposition 2.4, we have the following proposition in summary.
Proposition 3.3. To prove Theorem 1.1.2, 3, 4 and Theorem 1.2.2, 3, it is sufficient to show that the outer action I → Out ∆ l n,n−1 is trivial for some prime number l = p.
By the argument in the former half of the proof of Proposition 3.2 (which works for any scheme Y which is smooth and geometrically connected over T ), the image of I by the homomorphism Π n−1 → G K is contained in some inertia subgroup of G K . Therefore, we may assume that K is strictly henselian.
Case of residual characteristic 0
We prove Theorem 1.1.2 and Theorem 1.2.2 in this section. Hence, let us assume that the residual characteristic of K is 0. Also, as we explained in the end of previous section, we may assume that K is strictly henselian (hence I K = G K ). By Proposition 3.3, it is sufficient to show that the outer action I → Out ∆ n,n−1 is trivial.
Since the characteristic of the field K is also 0, we have homotopy exact
by [Ho1] Proposition 2.4.
Lemma 4.1. There exists a decomposition of profinite groups
which are compatible with the natural surjection Π n → Π n−1 .
Proof. The profinite group ∆ n is center-free by Proposition 2.7. Therefore we obtain ∆ n ∩ Z Πn (∆ n ) = {1}.
Moreover, since the outer action
is trivial by assumption, we obtain the decomposition Π n = ∆ n ×Z Πn (∆ n ). Since the outer representation (10) is trivial, we obtain the decomposition Π n−1 = ∆ n−1 × Z Πn−1 (∆ n−1 ) by the same argument,. The homomorphism Π n → Π n−1 is compatible with the homomorphism ∆ n → ∆ n−1 , so Z Πn (∆ n ) → Z Πn (∆ n−1 ) is well-defined. Therefore, these decomposition of groups are compatible.
Lemma 4.2. I ⊂ Z Πn−1 (∆ n−1 ).
Proof. We have the following commutative diagram with exact horizontal line
Here, the homomorphism ∆ n−1 → π 1 (X n−1 ,t) is the specialization homomorphism, which is an isomorphism since K is strictly henselian. Then, we obtain a decomposition
Therefore, I ⊂ Ker(Π n−1 → π 1 (X n−1 ,t)) = Z Πn−1 (∆ n−1 ) holds. 
is trivial. By Lemma 4.1, the homomorphism Z Πn (∆ n ) → Z Πn−1 (∆ n−1 ) is surjective, so it holds that the outer action is trivial. We finished the proof of Theorem 1.1.2 and Theorem 1.2.2.
Case of residual characteristic p > 0
We maintain the notation of Section 3. In this section, we will prove Theorem 1.1.3, 4 and Theorem 1.2.3, so we assume that p > b + 1. It is sufficient to prove that the outer action I → Out ∆ l n,n−1 is trivial for some prime number l = p by Proposition 3.3. Let us take a prime number l which is a generator of a cyclic group (Z/pZ) * , whose existence follows from the theorem on arithmetic progression. Since l, l 2 , . . . , l b are not 1 ∈ (Z/pZ) * by the hypothesis p > b + 1, the order of GL(b, F l ) is not divisible by p. Also, the profinite group
) is pro-l by a well known theorem of P.Hall (cf. [Ha] Theorem 12.2.2). Therefore the profinite groups Aut(∆ l n,n−1 ) and Out(∆ l n,n−1 ) are prime-to-p. Note that we have the following exact sequences of profinite groups ∆ n,n−1 → Π n → Π n−1 → 1 and ∆ n,n−1 → ∆ n → ∆ n−1 → 1 by [Ho1] Proposition 1.10(i). Unfortunately, if the characteristic of K is equal to p, the homomorphism ∆ n,n−1 → ∆ n is not always injective (cf. [Tama2] Theorem (0.3)).
We have the following commutative diagram with exact horizontal lines
Here, the homomorphism ∆ n → Aut(∆ l n,n−1 ) is constructed in Proposition 3.2. Since the profinite group Out(∆ l n,n−1 ) is a prime-to-p group, the outer action ∆ n−1 → Out(∆ l n,n−1 ) factors through ∆ p ′ n−1 . We write the pull-back
. Then, we have the following commutative diagram with exact horizontal lines
Since the profinite group ∆ l n,n−1 is center-free by Proposition 2.7, the homomorphism ∆ l n,n−1 → Inn(∆ l n,n−1 ) is an isomorphism. Therefore, we obtain an exact sequence
Next, consider the following diagram of exact sequences with exact horizontal lines
Here, the homomorphism Π n → Aut(∆ l n,n−1 ) is constructed in Proposition 3.2. We define a profinite group Π (p ′ )
n−1 as the quotient group of Π n−1 by the subgroup Ker(∆ n−1 → ∆ p ′ n−1 ), so a sequence of profinite groups
is exact. We write the pull-back Aut(∆
Then, we have the following commutative diagram with exact horizontal lines
Therefore, we obtain an exact sequence
From the three exact sequences (15), (16), and (17), we have an exact se-
Proof of Theorem 1.1.3 and Theorem 1.2.3. If n = 2, the profinite groups ∆ is also center-free by Proposition 2.7.2. Since Lemma 4.1 and Lemma 4.2 work if we replace Π n , ∆ n , Π n−1 and ∆ n−1 by Π Proof of Theorem 1.1.4. Suppose that X has a K-rational point x and that the Galois representation
By valuative criterion, we have the following commutative diagram
Therefore, the composition of group homomorphisms
Consider the following commutative diagram with exact horizontal lines
Since the action of
is also trivial. Hence, the action of I K(x) on ∆ l n,n−1 is trivial. Next we show that the image of
n−1 . Consider the commutative diagram with exact horizontal line
Here, the homomorphism ∆
′ is the specialization homomorphism, which is an isomorphism since K is strictly henselian. Then, the homomorphism
is an isomorphism. On the other hand, the image of the profinite group
Moreover, the images of the profinite groups I K(x) and I in Π
n−1 . Since the action I K(x) → Aut(∆ l n,n−1 ) is trivial, the outer action I → Out(∆ l n,n−1 ) is trivial from the above claim. Thus we finished the proof of Theorem 1.1.4.
Case of residual characteristic p ≫ 0
In this section, we prove Theorem 1.3, which needs very strong condition on p. Assume that l is a prime number such that l, l 2 , . . . , l b are not 1 ∈ (Z/pZ) * .
Lemma 6.1. (cf. [Saw] Lemma2.18 [A] Proposition 3)
be a commutative diagram of profinite groups with exact horizontal lines such that the middle and the right vertical lines are surjective. Suppose that the conjugate actionG → Aut(N l ) factors as
Suppose also that N l is topologically finitely generated and center-free. Then, the following are equivalent.
1. The pro-l completion of the sequence
induced by the lower line of (18) is exact.
The homomorphism
Proof. The implications 1 ⇒ 2 ⇒ 3 ⇒ 4 ⇒ 5 are trivial. Since N l is topologically finitely generated, the profinite group Ker(Aut(N l ) → Aut((N ab /l(N l ) ab )) is pro-l by a well known theorem of P.Hall (cf. [Ha] Theorem 12.2.2). Therefore the implication 5 ⇒ 4 holds. The image of the homomorphism G → Aut(N l ) is pro-l if and only if the image of the homomorphism H → Out(N l ) is pro-l. Therefore the implication 4 ⇒ 3 holds. Since N l is center-free, the homomorphism N l → Aut(N l ) is injective. Therefore the implication 3 ⇒ 2 holds. Since taking pro-l completion is a right exact functor, the implication 2 ⇒ 1 holds.
commutes and the second horizontal line is exact, then the outer action I → Out(∆ l n,n−1 ) is trivial.
Proof. Since the outer actions
n−1 . Thus we have quotient groups Π n = Π
commutes. Since the group ∆ n−1 is center-free by Proposition 2.7.2, we have a decomposition Π n−1 = ∆ n−1 × Z Πn−1 (∆ n−1 ) and the image of the group I in Π n−1 is contained in Z Πn−1 (∆ n−1 ) (cf. Lemma 4.2). The homomorphism Π n → Π n−1 is surjective and compatible with the homomorphism ∆ n → ∆ n−1 . Therefore the image of the group Z Πn (∆ n ) in Π n−1 coincides with Z Πn−1 (∆ n−1 ). Thus, the outer action I → Out ∆ l n,n−1 , which factors through Z Πn−1 (∆ n−1 ) → Out ∆ l n,n−1 , is trivial (cf. the proof in the end of Section 4). 
are exact for 2 ≤ i ≤ n − 1.
Write the Galois covering ofX
Then, the composition of the inclusion and the outer action
is injective.
2. Assume moreover that the action
where the first arrow is constructed by Proposition 3.2, is trivial and that the quotient group Γ n−1
n . Then, the group ∆ (l) n−1 is center-free and we have the following commutative diagram with exact horizontal lines
Proof.
1. If the characteristic of K is 0, this is a special case of [Saw] Proposition 3.2. We will show the injectivity of the outer action
First, we show that the action (
) is injective, which shows that the outer action
l ) is also injective. Let K alg be an algebraic closure of K sep and write the schemẽ
Such a pair always exists since we work over K alg . Let φ be an element of the group
whose image in the group
is trivial. Here, * is an geometric point of Y ′ . Then, we can show that φ induces the identity on E ′ . Therefore, if the genus ofȲ ′ is qual to or less than 1, it is easy to show that φ is the identity. If the genus of Y ′ → Spec K alg is equal to or more than 2, φ is the identity by [DM] Theorem 1.13.
where the homomorphism Aut(
Write the spectrum of separable closure of the field of fraction ofX ′ n−2 as ζ ′ and the geometric generic fiber ofX n−1 →X n−2 asX n−1,n−2 = X n−1 ×X n−2 ζ ′ and that ofX
Then the Galois coveringX ′ n−1,n−2 →X n−1,n−2 corresponds to the normal subgroup ∆ ′ n−1,n−2 ⊂ ∆ n−1,n−2 . Therefore we obtain the following diagram
where the lower horizontal line is exact. Thus, it suffices to show that the composition
We obtain the diagram with exact horizontal lines and vertical lines
where the group
, and (∆ n−2 ) (l) are the quotient groups
(The second horizontal line is exact by nine lemma.) Since the homomorphism
is injective by the argument of the first step of the induction, it suffices to show that an element g of (∆ n−1,n−2 ) (l) , whose action on (∆ ′ n−1 ) l is same as the inner action of some h ∈ (∆ ′ n−1 ) l , induces an inner action on (∆ ′ n−1,n−2 )
l . The image of g in (∆ n−2 ) (l) is trivial, which induces the trivial action on (
l . Hence we finished the proof.
2. We have the following diagram with exact horizontal lines
which induces the following commutative diagram
Since the homomorphism ∆ l is also center-free by Proposition 2.7.2. Moreover, since the outer action
is injective by Lemma 6.3.1, the group ∆ (l) n−1 is center-free. The order of Γ n−1 is prime to p and hence ∆ (l) n−1 is a pro-p ′ group. Therefore we obtain the surjective homomorphisms ∆
n . Thus, we have the following commutative diagram with exact horizontal lines
/ / 1. Now we prove Theorem 1.3.
Proposition 6.4. Assume that n ≥ 3, p = 2. Let l = p be a prime number. Define a function f b,l (m) for m ≥ 3 in the following way:
• For m ≥ 3, 
by Proposition 3.2. Take the maximum normal subgroup ∆ We recall the structure of the group Γ n−1 = ∆ n−1 /∆ 1 n−1 and show that its order is prime to p. Since we have
it is sufficient to show that the order of the group ∆ i /∆ i i is prime-to-p for all 1 ≤ i ≤ n − 2.
Claim. For all 1 ≤ j ≤ n − 1, the order of the group ∆ n−j /∆ n−j n−j is prime-to-p and ≤ f b,l (j + 2).
We will show this claim by induction on j. First, consider the case j = 1. We have estimates of the dimension of the
and the order of the group
Here, the notation a | c means that a divides c. Since l b < p, the group
is of order prime-to-p and ≤ f b,l (3). Next, we assume that the claim hold for all 1 ≤ i ≤ j(≤ n − 2) and show that the order of the group ∆ n−j−1 /∆ n−j−1 n−j−1 is prime-to-p and ≤ f b,l (j + 3). We have the surjection
which shows that the order of ∆ n−j−1 /∆ n−j n−j−1 is prime-to-p. Recall that the group ∆ n−j−1 n−j−1 is the maximum normal subgroup of ∆ n−j−1 contained in
To see that the group ∆ n−j−1 /∆ n−j−1 n−j−1 is of order prime-to-p, it suffices to show that the image of the homomorphism
is of order prime-to-p. We have the estimates of the dimension of the F l -linear space
Since l b×f b,l (j+2) ≤ l b×f b,l (n) < p, the group∆ n−j n−j−1 /∆ n−j−1 n−j−1 is of order prime-to-p and hence ∆ n−j−1 /∆ n−j−1 n−j−1 is also of order prime-to-p.
The estimate of the order of ∆ n−j−1 /∆ n−j−1 n−j−1 is obtained in the following way.
Therefore, the claim holds. Hence we finished the proof.
Appendix 1: Notes on extension of smooth curves
In this Appendix, we review the property of extension of family of hyperbolic curves proved in [Mor] and prove a non-proper version of it (cf. Remark 7.2).
Proposition 7.1. (cf. [Mor] ) Let S be a connected regular Noetherian scheme, U a open subscheme of S such that the codimension of S \ U in S is ≥ 2. Let (X U , D U ) → U be a hyperbolic curve of genus g. Then, there exists a hyperbolic curve (X, D) → S such that the restriction to U is isomorphic to (X U , D U ) → U , which is unique up to unique isomorphism.
Proof. The uniqueness follows immediately from the separatedness of the moduli stacks of hyperbolic curves [DM] [Knu] . If D U = ∅, the assertion follows from [Mor] Théorème (ii). Suppose that the etale morphism D U → U is of degree r ≥ 1. By Galois descent, we may assume that the scheme D U is the disjoint union 1≤i≤r D i,U of r copies of S.
Let us assume that the extension X → S and
which is a contradiction. Thus, it is sufficient to show that the extension X → S and
If g ≥ 1, we have the extension X → S of X U → U by [Mor] Théorème (ii). From [Mor] Lemme1, we have the extension
If g = 0, there exists an isomorphism between X U → U and P 1 U → U such that the sections D 1,U , D 2,U , and D 3,U correspond to 0,1, and ∞. Therefore we consider the extension X = P 1 S → S and we will show that the extensions
is equivalent to give a section s i of Γ(U, O U ) other than 0, 1, and to give their extensions D i → P 1 S is equivalent to give extensions of s i to elements of Γ(S, O S ). Since S \ U is of codimension ≥ 2 in the normal scheme S, Γ(S, O S ) ∼ = Γ(U, O U ) and hence the morphisms
Remark 7.2. It is mentioned in [Stix] Remarks 2.11 (d) that Proposition 7.1 is already shown in [Mor] , but it seems not to be shown. As is also mentioned there, Proposition 7.1 is equivalent to [Stix] Theorem 1.2 by Zariski-Nagata purity theorem, under the hypothesis of Proposition 7.1. Here, we gave an elementary and direct proof.
2. Since we have s(Ker(H → H l )) ⊂ Ker(G → G l ), the assertion follows from 1.
Example 8.2. We give an example of hyperbolic polycurve Z of bad reduction over a strict henselian discrete valuation field K with valuation ring O K of residual characteristic 0 whose pro-l outer Galois representation G K → Out(∆ l Z ) is trivial for all but one primes l. This example shows that, unlike the case of hyperbolic curves, to look at the pro-l outer Galois representation for single prime number l is not enough to determine whether it has good reduction or not.
Fix a prime number l 1 and let K be as above. Note that the Galois group G K = I K is isomorphic to the profinite completion Z ∧ of Z. Let X 1 and X 2 be proper hyperbolic curves over K which have good reduction. Suppose that the automorphism group of X 2 over K has a subgroup isomorphic to Z/l 1 Z = ι 2 and that X 2 has a fixed rational point x 2 by this group action. Since X i has good reduction, the outer Galois action
is trivial by Thereom 1.1.1 and we have the canonical decomposition Π Xi = ∆ Xi × G K by Lemma 4.1. Fix surjective group homomorphisms ∆ X1 → Z/l 1 Z and G K → Z/l 1 Z, and consider their sum Π X1 = ∆ X1 × G K → Z/l 1 Z. We write the etale covering space of X 1 corresponding to Ker (Π X1 → Z/l 1 Z) as X ′ 1 → X 1 and a generator of Aut(X ′ 1 /X 1 ) as ι 1 . Consider the action of Z/l 1 Z on X 2 × Spec K X ′ 1 induced by (ι 2 , ι 1 ), and write the quotient scheme of X 2 × Spec K X ′ 1 by this Z/l 1 Z-action as Z. By construction, we have the Cartesian diagram
Since the section X
induced by the point x 2 is compatible with the action of Z/l 1 Z, we have the section X 1 → Z → X 1 by taking the quotient schemes by Z/l 1 Z. Therefore the exact sequence 1 → ∆ X2 → Π Z → Π X1 → 1 has a section which also induces a section of the exact sequence
We calculate the action Π X1 → Aut(∆ X2 )
induced by the section. Write the composition of the homomorphisms
as ψ. Write the action Π X1 → Aut(∆ X2 )
defined by the exact sequence
with the section induced by x 2 as φ. Since φ is the composition of the homomorphism Π X1 → G K and the homomorphism G K → Aut(∆ X2 ) induced by x 2 and X 2 has good reduction, φ is trivial. By the construction of Z, the action (29)
is φ + ψ(= ψ). We will show that the pro-l 2 outer Galois representation
is trivial if and only if l 1 = l 2 . First, we assume that l 1 = l 2 . By taking pro-l 2 completion of the exact sequence (28), we obtain the commutative diagram with exact horizontal lines X1 → Aut(∆) corresponding to φ + ψ = ψ, which is trivial since ∆ is the quotient group of (∆ X2 ) ι2 . Hence we have the decomposition
Moreover, since X 1 has good reduction, we have the decomoposition
Therefore we can show that the outer Galois action
is trivial by these decompositions.
Next, we assume that l 1 = l 2 (= l) and show that the pro-l outer Galois representation I K → Out(∆ We interpret the first line geometrically. Write the strict henselization of the field of fractions of X 1 considered as a discrete valuation field whose valuation ring is the local ring at generic point of the smooth model of X 1 as L. The absolute Galois group G L of L is isomorphic to Z ΠX 1 (∆ X1 )( ∼ = G K ). We write the etale covering space of Spec L corresponding to Ker(G L → Π X1 → Z/lZ) as Spec L ′ and a generator of the Galois group Gal(L ′ /L) as ι. Consider the action of Z/lZ on X 2 × Spec K Spec L ′ induced by (ι 2 , ι) and write the quotient scheme as X
